arXiv:1505.02578v2 [math.PR] 12 May 2015 


Optimal Berry-Esseen bounds 
on the Poisson space 


Ehsan Azmoodeh 

Unite de Recherche en Mathematiques, Luxembourg University 
ehsan.azmoodehSuni.lu 

Giovanni Peccati 

Unite de Recherche en Mathematiques, Luxembourg University 
giovanni.peccatiSgmail.com 

May 13, 2015 

Abstract 

We establish new lower bounds for the normal approximation in the Wasserstein dis¬ 
tance of random variables that are functionals of a Poisson measure. Our results generalize 
previous findings by Nourdin and Peccati (2012, 2015) and Bierme, Bonami, Nourdin and 
Peccati (2013), involving random variables living on a Gaussian space. Applications are 
given to optimal Berry-Esseen bounds for edge counting in random geometric graphs. 
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1 Introduction 

1.1 Overview 

Let (Z, Z) be a Borel space endowed with a a-finite non-atomic measure /r, and let rj be 
a compensated Poisson random measure on the state space {Z,Z), with non-atomic and 
cr-finite control measure /i (for the rest of the paper, we assume that all random objects 
are defined on a common probability space (n,^,P)). Consider a sequence of centered 
random variables = Fn{r]), n > 1 and assume that, as n —)• oo, Var(F„) —>■ 1 and Fn 
converges in distribution to a standard Gaussian random variable. In recent years (see 
e.g. [21 El [71 El da o da [21]) several new techniques - based on the interaction between 
Stein’s method [1] and Malliavin calculus [a “ have been introduced, allowing one to find 
explicit Berry-Esseen bounds of the type 

d{Fn,N) < ip{n), n > 1, (1.1) 

where d is some appropriate distance between the laws of and N, and {(p{n) : n > 1} 
is an explicit and strictly positive numerical sequence converging to 0. The aim of this 
paper is to find some general sufficient conditions, ensuring that the rate of convergence 
induced by (p{n) in (|l.ll) is optimal, whenever d equals the 1-Wasserstein distance dw, 
that is: 

d{Fn,N) = dw{Fn,N)-.= sup |E[h(F„)]-E[h(iV)]|, (1.2) 

/iSLip(l) 
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with Lip(a) indicating the set of a-Lipschitz mappings on ]R (a > 0). As usual, the rate 
of convergence induced by ip{n) is said to be optimal if there exists a constant c G (0,1) 
(independent of n) such that, for n large enough. 


dw{Fn,N) 

— -r \— ^ 1 

ip{n) 


(1.3) 


As demonstrated below, our findings generalize to the framework of random point 
measures some previous findings (see P [31 HU 13]) for random variables living on a Gaus¬ 
sian space. Several important differences between the Poisson and the Gaussian settings 
will be highlighted as our analysis unfolds. Important new applications tZ-statistics, in 
particular to edge-counting in random geometric graphs, are discussed in Section [H 


1.2 Main abstract result (and some preliminaries) 

Let the above assumptions and notation prevail. The following elements are needed for 
the subsequent discussion, and will be formally introduced and discussed in Section 12.21 

- For every z G Z and any functional F = ^(ry), the difference (or add-one cost 
operator) DzF{rj) = Fifq-G 6^) — F{f]). For reasons that are clarihed below, we shall 
write F G domU, whenever IE J^^^DgF)'^fi(ds) < oo. 

- The symbol denotes the pseudo-inverse of the generator of the Ornstein-Uhlenbeck 
semigroup on the Poisson space. 

We also denote by ~ =/P(0,1) a standard Gaussian random variable with mean zero 
and variance one. It will be also necessary to consider the family 

:={/:IR^IR : ||/'|U< 1 and/'G Lip(2)}, 

whereas the notation indicates the subset of that is composed of twice continuously 
differentiable functions such that ||/'||oo< 1 and ||/"||oo< 2. 

For any two sequences {an}n>i and {6n}n>i of non-negative real numbers, the notation 
“n ~ bn indicates that lim^^oo = 1- 

On 

The next theorem is the main theoretical achievement of the present paper. 

Theorem 1.1. Let {Fn : n > 1} be a sequence of square-integrable functionals off], such 
that lE(F^) = 0, and Fn G domD. Let {‘p{n) : n > 1} he a numerical sequence such that 
ip{n) > </?i(n) -|- ^P 2 {n), where 


(/?i(n) 

:= Y^IE (1 - {DFn, -DL-^Fn)m^.))\ 

(1.4) 

L>2{n) 

:= IE / {D,Fn)^ X \D,L-^Fn\yi{dz). 

Jz 

(1.5) 


(I) For every n, one has the estimate dw{Fn,N) < ip{n). 

(II) Fix f G ^ 0 , set Rn{z) := fg f''{Fn -|- (1 — u)DzFn)udu for any z G Z, and assume 
moreover that the following asymptotic conditions are in order : 

(i) (a) (p{n) is finite for every n; (b) ip{n) —^Oasn—^ oo; and (c) there exists m > 1 
such that (p{n) > 0 for all n > m. 

(ii) For ]j.{dz)-almost every z G Z, the sequence D^Fn converges in probability towards 
zero. 
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(iii) There exist a centered two dimensional Gaussian random vector (A^i, N^) with ]E(A^^) = 
IE(A^|) = 1, and IE(A^i x N 2 ) = p, and moreover a real number a > 0 such that 

1 — {DFn, — 

<f{n) 

(iv) There exists a sequence {un '■ n > 1} of deterministic and non-negative measurable 
functions such that Un(z)p(dz) /(p(n) fi < co, and moreover 


law 


{NuaN2). 



I j {D^Fnf X {-D^L ^Fn) X Rl{z)p{dz) - j Un{z) X Rl{z)p{dz)^ 0, 

and sup„ J^ Un{z)^^'^pL{dz) < 00, for some e > 0 . 

Then, as n ^ 00, we have 


(III) If Assumptions (i)-(iv) at Point (II) are verified and pa ^ then the rate of 
convergence induced by ^p{n) is optimal, in the sense of (11.31) . 

Remark 1.1. It is interesting to observe that Assumptions (n)-( ii) and (Il)-(iv) in 
the statement of Theorem o do not have any counterpart in the results on Wiener 
space obtained in [12]. To see this, let X denote a isonormal Gaussian process over a 
real separable Hilbert space S), and assume that {Fn : n > 1} is a sequence of smooth 
functionals (in the sense of Malliavin differentiability) of A — for example, each element 
Fn is a finite sum of multiple Wiener integrals. Assume that lE(T^) = 1, and write 

Tin) := ^y]E{l-{DFn,-DL-^Fn)^)^. 


Assume that Tin) > 0 for all n and also that, as n —>■ 00 , Tin) 0 and the two dimensional 
random vector iFn, —^1 converges in distribution to a centered two dimen¬ 
sional Gaussian vector (^ 1 ,^ 2 ), such that 1E(A'^) = 1E(A|) = 1 and lE(AiA 2 ) = p 7 ^ 0. 
Then, the results of [T 2 | imply that, for any function / S 

lE(/'(r„) F„/(F„)) 

Tin) 

where, as before, N ~ ^(0,1). This implies in particular that the sequence Tin) deter¬ 
mines an optimal rate of convergence, in the sense of (m. Also, on a Gaussian space 
one has that relation (| 1 . 6 I) extends to functions of the type fx, where fx is the solution of 
the Stein’s equation associated with the indicator function l{.<x} (see Section [23] below): 

in this case the limiting value equals |(x^ — 1 ) ^^^ . 


2 Preliminaries 

2.1 Poisson measures and chaos 

As before, (Z, Z, p) indicates a Borel measure space such that Z is a Borel space and pis a 
cr-finite and non-atomic Borel measure. We define the class Z^ as = {B G Z : piB) < 00 }. 
The symbol rf = {rj iB) : B G indicates a compensated Poisson random measure on 
(Z, Z) with control p. This means that r/ is a collection of random variables defined on 
the probability space ( 12 , .^,P), indexed by the elements of and such that: (i) for 
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every B,C ^ such that i? H C = 0, ^{B) and ^(C) are independent, (ii) for ev¬ 
ery B € Z^,^{B) has a centered Poisson distribution with parameter fJ-{B). Note that 
properties (i)-(ii) imply, in particnlar, that rf is an independently scattered (or completely 
random) measure. Without loss of generality, we may assume that ^ = cr{r]), and write 
L2(F) := Seee.g. PIS] for details on the notions evoked above. 

Fix n > 1. We denote by (/i”) the space of real valued functions on Z" that are 
square-integrable with respect to /x”, and we write (/.i”) to indicate the subspace of 
{pZ) composed of symmetric functions. We also write L‘^{p) = = Lg(/x^). For 

every / G Lg(/x"'), we denote by In{f) the multiple Wiener-Ito integral of order n, of / 
with respect to fj. Observe that, for every m,n > 1, / G Ll{pZ) and g G one has 

the isometric formula (see e.g. US]): 

^[In{f)Im{g)] = n\ (/,5)L2(/.-)l(n=m)- (2-1) 

The Hilbert space of random variables of the type Inif), where n > 1 and / G L^(/i”') 
is called the nth Wiener chaos associated with g. We also use the following standard 
notation: Ii (/) = g (f), f & L'^ (^); Iq (c) = c, c G M. The following proposition, whose 
content is known as the chaotic representation property of g, is one of the crucial results 
used in this paper. See e.g. US]. 

Proposition 2.1 (Chaotic decomposition). Every random variable F G L^(.^,P) = L^(P) 
admits a (unique) chaotic decomposition of the type 

OO 

F = E{F) + Y.In{fn), ( 2 . 2 ) 

n>l 

where the series converges in and, for each n > 1, the kernel fn is an element of 


2.2 Malliavin operators 

We recall that the space L^(P;L^(/i)) ~ L^(0 x Z,^ ® Z,W g) is the space of the 
measurable random functions n : H x Z —> P such that 



< OO. 


In what follows, given / G Ll{g^) {q > 2) and z ^ Z, we write f{z,-) to indicate the 
function on Z®"^ given by {zi,Zg-i) f{z,zi,...,Zq-i). 

(a) The derivative operator D. The derivative operator, denoted by D, transforms random 
variables into random functions. Formally, the domain of D, written domU, is the set of 
those random variables F G L^(P) admitting a chaotic decomposition (12.21) such that 


'^nnl\\fn\\l2^^n)< OO. (2.3) 

n>l 


If F verifies (12.3p (that is, if T G domU), then the random function z DzF is given by 

DzF = Y,nIn-i{f{z,-)), zGZ. (2.4) 

n>l 


Plainly DF G L^(P; L^(/x)), for every F G domH. For every random variable of the 
form F = F[g) and for every z ^ Z, we write F^ = Fzifg) = Fifg + 5z). The following 
fundamental result combines classic findings from m and m Lemma 3.1]. 


4 




Lemma 2.1. For every F G L^(]P) one has that F is in domU if and only if the mapping 
z I—>■ {Fz — F) is an element 0/L^(P; L^(/i)). Moreover, in this case one has that D^F = 
Fz — F almost everywhere dp, ® dP. 

(b) The Ornstein-Uhlenbeck generator L. The domain of the Ornstein-Uhlenbeck generator 
(see e.g. [H H])), written domL, is given by those F G L^(P) such that their chaotic 
expansion (1221) verifies 

^n^nl ||/n|li2(^n)< 00. 

n>l 

If T G domL, then the random variable LF is given by 

LF =-'^nlnifn). (2.5) 

n>l 

We will also write L~^ to denote the pseudo-inverse of L. Note that K{LF) = 0, by 
definition. The following result is a direct consequence of the definitions of D and L, and 
involves the adjoint 6 oi D (with respect to the space L^(P;L^(^)) — see e.g. [HllIT] for 
a proof). 

Lemma 2.2. For every F G domL, one has that F G domU and DF belongs to the 
domain to the adjoint 5 of D. Moreover, 


6DF = -LF. 


( 2 . 6 ) 


2.3 Some estimates based on Stein’s method 

We shall now present some estimates based on the use of Stein’s method for the one¬ 
dimensional normal approximation. We refer the reader to the two monographs [U ?] for 
a detailed presentation of the subject. Let L be a random variable and let N ^( 0 , 1 ), 
and consider a real-valued function /i ; P —)• P such that the expectation K[h(X)] is well- 
defined. We recall that the Stein equation associated with h and F is classically given 
by 

h{u) - P[/i(F)] = fiu) - uf{u), u G P. (2.7) 

A solution to ( 12 .7p is a function / depending on h which is Lebesgue a.e.-differentiable, 
and such that there exists a version of f verifying ()2.7p for every x G P. The following 
lemma gathers together some fundamental relations. Recall the notation ^\\r and ^0 
introduced in Section O 

Lemma 2.3. (i) If h ^ Lip(l), then (f.2. ?[ ) has a solution fh that is an element of 

(ii) If h is twice continuously differentiable and ||/i'||oo, ||L"||oo< 1, then |g.Tj ) has a 
solution //j that is an element of ^0 ■ 

(iii) Let F be an integrable random variable. Then, 

dw{F,N)= sup |P[A(F)F-/;;(F)]| < sup |P[/(F)F-/'(F)]|. 

/iSLip(l) 

(iv) If, in addition, F is a centered element of dom D, then 

dw{F,N) < y^P( 1 -(I)F,- 7 )L-iL)^ 2 (^))' (2.8) 

+P [ {DzF)^ X \DzL-^F\p{dz). 

Jz 

Both estimates at Point (i) and (ii) follow e.g. from [5l Theorem 1.1]. Point (iii) is 
an immediate consequence of the definition of dw, as well as of the content of Point (i) 
and Point (ii) in the statement. Finally, Point (iv) corresponds to the main estimate 
established in HU- 
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3 Proof of Theorem 11.11 

We start with a general lemma. 


Lemma 3.1. Let F be such that ]E(F) = 0 and F G domF. Assume that N ^(0,1). 
For any f G ^O: z G Z we set 

Rf{z):= f f {F+ {l-u)D^F)udu. (3.1) 

Jo 

Then, 


IE (/'(F) - Ff{F)) = ]e(/'(F) (l - {DF, -DL-^F)^,^^) ) 

+ 1E / {D,Ff X {-D,L-^F) X {z)fi{dz). 

Jz 

Proof. Using Lemma 12.21 and the characterization of 6 as the adjoint of D, we deduce 
that, for any / G 

IE(F/(F)) = IE(LL-iF/(F)) = ]E(<5(-FL-1 f)/(F)) 

= n{Df{F),-DL-^F)LR^)). 

In view of Lemma EU and of a standard application of Taylor formula, one immediately 
infers that 


DJ{F) := /(F,) - /(F) = /'(F)F,F + / /"(u)(F, - u)du 

Jf 

= f'{F)D,F+{D,Ff X [ f{F + {l-u)D,F)udu. 

Jo 


(3.3) 


Plugging (13.311 into ()3.2p . we deduce the desired conclusion. □ 

Proof of Theorem M.li Part (I) is a direct consequence of Lemma f2.3I fivi. To prove Point 
(11), we fix / € .^ 0 , and use Lemma [3T] to deduce that 


IE(/'(F„)-F„/(F„)) 1-(FF„,-FF-1F0z,2(^) 

-WW- = IE / {Fn} X --- 

ip{n) if{n) 

+ —^lE [ {D^Fnf X {-D^L~^Fn) X Rl{z)n{dz) 

Tin) Jz 

■— Il,n T l2,n- 


Assumption (hi) implies that 


(l-{DFn,-DL-^Fn)LR,)\ 

sup IE -- < + 00 . 

n>i \ Tin) J 

Since ||/'||oo< 1 by assumption, we infer that the class 

is uniformly integrable. Assumption (iii) implies therefore that, as n 

Ii,n ^ IE (/'(W) X aN 2 ) =px aJEf'iN). 


oo, 
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To deal with the term /2,n) first note that for each z ^ Z, Assumptions (ii) and (iii) and 
Slutsky Theorem imply that, for any u G (0,1), 

Fn + {1- u)D,Fn N. 

Therefore, using the fact that ||/''||oo< 2, and by a direct application of the dominated 
convergence Theorem, we infer that 

lERiiz) ^ IE(/"(lV))udu = i]E/"(lV). (3.4) 

At this point, Assumption (iv) and the triangle inequality immediately imply that, in 
order to obtain the desired conclusion, it is sufficient to prove that, as n ^ oo, 

^j^Uniz) X |]Ei?J:(z)-i]E/"(lV)|/i(dz)^0. (3.5) 

To show (13.5p . it is enough to prove that the function integrated on the right-hand side 
is uniformly integrable: this is straightforward, since \Rn{z) — ^IE/"(A^)|< 2, and of 
the fact that the sequence n !->■ Un{zy~^'^fi{dz) is bounded. In view of the 

first equality in Lemma I2.31 fiiii. to prove the remaining Point (III) in the statement, 
it is enough to show that there exists a function h such that ||/i'||oo, ||h"||oo< 1, and 
IE[/^'(A^)] 7^ 0. Selecting h{x) = sinx, we deduce from [U formula (5.2)] that ]E/^'(A^) = 
3“^]E[sin(A')i/3(A^)] = > 0, thus concluding the proof. □ 

4 Applications to ^/-statistics 

4.1 Preliminaries 

In this section, we shall apply our main results to the following situation: 

- 77 is a compensated Poisson measure on the product space (IR+x Z, .^(IR^) (g)^) 
(where {Z, Z) is a Borel space) with control measure given by 

V ■.= I X fi, ( 4 . 1 ) 

with £(dx) = dx equal to the Lebesgue measure and /x equal to a cr-finite Borel 
measure with no atoms. 

- For every n > 1, we set rjn to be the Poisson measure on (Z, Z) given by the mapping 
A 1—^ ^n(A) := r7([0, n] x A) (A G Z^), in such a way that is a Poisson measure 
on {Z,Z), with intensity iJ,n '■= n x fi. 

- For every n, the random variable Fn is a [/-statistic of order 2 with respect to the 
Poisson measure r]n '■= fjn + fin, in the sense of the following definition. 

Definition 4.1. A random variable F is called a U-statistic of order 2, based on the 
Poisson random measure r]n defined above, if there exists a kernel h G (that is, h 

is symmetric and in such that 

F= ^ /i(xi,X2), (4.2) 

where the symbol indicates the class of all 2-dimensional vectors (xi,X2) such that 
Xi is in the support of (f = 1, 2) and xi 7^x2. 
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We recall that, according to the general results proved in m Lemma 3.5 and Theorem 
3.6], one has that, if a random variable F as in (|4.2I) is square-integrable, then necessarily 
h G and F admits a representation of the form 

F = JE{F) + F 1 +F 2 := IE(F) + Ii{hi) + h{h2), (4.3) 


where Ii and I 2 indicate (multiple) Wiener-Ito integrals of order 1 and 2, respectively, 
with respect to fj, and 


hi{t,z) 


h2{{tl,Xi), {t2,X2)) 

where u is defined in (14.ip . 


21[o,n](i) / h{a, z) Hn{da) 


(4.4) 


21[0,n](i) / ^[o,n]{s)h{a,z)u{ds,da) 

Jn+xZ 

21[0,n](i)?^ / h{a,z)n{da) e 
J z 

^[ 0 ,n ]2 (^1 ) ^2)^(3^!) 3^2), 


(4.5) 


4.2 Edge-counting in random geometric graphs 

Let the framework and notation of Section 14.11 prevail, set Z = IR'^, and assume that ^ is 
a probability measure that is absolutely continuous with respect to the Lebesgue measure, 
with a density / that is bounded and everywhere continuous. It is a standard result that, 
in this case, the non-compensated Poisson measure has the same distribution as the 
point process 

N„ 

4g^(IR'^), 

i=l 

where 5y indicates the Dirac mass at y, {T) : i > 1} is a sequence of i.i.d. random 
variables with distribution y, and is an independent Poisson random variable with 
mean n. Throughout this section, we consider a sequence : n > 1} of strictly positive 
numbers decreasing to zero, and consider the sequence of kernels {/i„ : n > 1} given by 

hn . H X IP y IP_|_ . {x\yX2^ I y hn{x\^X2') . 

where, here and for the rest of the section, H-H stands for the Euclidean norm in IR'^. Then, 
it is easily seen that, for every n, the [/-statistic 

Fn-= ^ hn{xi,X 2 ), (4.6) 

{xi,x2)e'nl^^ 


equals the number of edges in the random geometric graph {Vn,En) where the set of 
vertices 14 is given by the points in the support of rjn, and {x,y} G En if and only if 
0 < ||a; — y||< 4 (in particular, no loops are allowed). 

We will now state and prove the main achievement of the section, refining several limit 
theorems for edge-counting one can find in the literature (see e.g. [2l[7l[8l[l8l[l9l[20] and 
the references therein). Observe that, quite remarkably, the conclusion of the forthcoming 
Theorem O is independent of the specific form of the density /.For every d, we denote 
by Kd the volume of the ball with unit radius in IR'^. 

Theorem 4.1. Assume that ntf^ oo, as n ^ oo. 

(a) 4s n ^ oo, one has the exact asymptotics 


IE(F„ 


Kd ti 


[ 


/(x)^dx, Var(F„) 


2 


K:in 


KY 




f{xYdx. (4.7) 


r\j 
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(b) Define 


and let N ~ ^(0,1). 
such that 


Fr,. := 


Fn. — lEK), 


n > 1, 


x/Var(F„)' 

Then, there exists a constant C € (0,oo), independent of n, 


dw{Fn,N) < <^(ra) := Cn 


(4.8) 


(c) If moreover n (tff)^ oo, then there exists a constant 0 < c < C such that, for n 
large enough, 

< dw{Fn,N) < 

and the rate of convergence induced by the sequence g>{n) = C is therefore 

optimal. 


Proof. The two asymptotic results at Point (a) follow from [THl Proposition 3.1] and [TSl 
formnla (3.23)], respectively. Point (b) is a special case of the general estimates proved 
in [HI Theorem 3.3]. In order to prove Point (c) it is therefore sufficient to show that the 
sequence F^ verifies Assumptions (ii), (iii) and (iv) of Theorem 0(11), with respect to 
the control measure n defined in (14.11) . and with values ol a, fi and p snch that ap j3/2. 
First of all, in view of (14.31) . one has that, a.e. dt (8) pidz), 


Dt.rFn — 


v'Var(F„) 


{hi^n{t, Z) + 2Ii{h2,nit, Z, •))} , 


where the kernels hi^n and /i2,n are obtained from (14.41) and (14.5p . by taking h = hn. 
Since hi^n{t,z) = 21[o,n](^)^ f^d h(z, a}p(da), we obtain that Var(Fn )~2 x hi^n{t,z) = 

0 {{t^n)~ 2 ) ^ 0, as n ^ oo. Also, using the isometric properties of Poisson multiple 
integrals, 


( h{h2,n{{t,z),-)) \‘i ^ nf^d hn(z,x)p(dx) 
V v/Var(F„) J “ Var(F„) 


OUnf^) ^) —> 0. 


It follows that Dt^zFn converges in probability to zero for dz^-almost every (t, z) G 1R+ x IR'^, 
and Assumption (ii) of Theorem II.II fill is therefore verified. In order to show that 
Assumption (iii) in Theorem 0 ( 11 ) also holds, we need to introduce three (standard) 
auxiliary kernels: 


h2,nAh2,n{t,x) := lro,„](t)n/ hl^{x,a)p{da) 

h2,nA.d2,n{{t,x),{s,y)) := l[0,n](i)l[0,n](s)n / hn{x, a)hn{y, o) p{da) 

JR'* 

hi^nA.h2,n{t,x) := 21 ro^„i(t)n^ / / hn{a,y)hn{x,y)p{da)p{dx). 

The following asymptotic relations (for n ^ oo) can be routinely deduced from the calcula¬ 
tions contained in [HI Proof of Theorem 3.3] (recall that the symbol indicates an exact 
asymptotic relation, and observe moreover that the constant C is the same appearing in 
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^IM)- 


\\h2,n *2 

11^2,n *1 ^2,n|li2(j,2) 
11^1,n *1 ^2,nil L^{u) 

{hl,ni hl^n ^2,n) L'^{v) 

ip{n)Vai{Fn) 

\\hl,n *1 /^■2,n|li3(i,) 

Il^l,«lli3(i/) 

II^1,«IIl4(i/) 

||^2,n|li2(j,) 


0{nH4)^) 

4 

K3n4(t^)3 


[ f{xfdx 
Jh'^ 

[ /(x)^dx 




5/2 (t; 


/R 

dN2 


4 7r<^ 

Oin'^itif) 

[ f{x)^dx 

JR"* 

0(n"((J)‘) 

OinHti)). 


f{x)^dx 


(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 


Using the fact that, by definition, L = —q for every random variable Y living in 
the gth Wiener chaos of rj, we deduce that (using the control measure 12 defined in (14.11) ') 


{DFn,-DL = 


1 


Var(F„ 


R+xR" 


hlJt,z)i2{dt,dz) 


+ 3 


[ hi^nit,z)Ii{h 2 ,niit,z),-))i^{dt,dz)+ 2 [ lf{h 2 ,niit,z),-))j^idt,dz)\. 

JR+xR"^ JR+xR"^ 

Using a standard multiplication formula for multiple Poisson integrals (see e.g. |151 Section 
6.5]) on the of the previous equation, one deduces that 

{DFn, —DL~^Fn)L'^[y) — 1 


V9(n) 


-|3/i(/ii,n *1 h2,n) + 2/l(/l2,n *2 /i2,n) + 2/2(h2,n *1 /l2,n)| 


V9(n)Var(F„) 

:= -^l,n + -^2,n + ^3,n- 

Now, in view of (14.91) . (I4.10p and (|4.13l) . one has that, as n —)> oo, 

mxln) = Oiintir^) ^ 0, and ^(X^ J = ^ 0. 

Also, ()4.1ip yields that 

, 9/j^d/(x)5dx 


IE(X2 J - 
Finally, in view of (]4.14p and (14.151) . 


<^^(/Rd/(®)^dx)2 


:= a > 0 . 


hl^n *1 

h2,n 

3 

hl,n 

if{n)YaT{Fn) 

L3(^)’ 

Lp{n)Yai{Fn) 


L3(u) 


= 0{n 2) —> 0, and 


A standard application of m Corollary 3.4] now implies that, as n —>■ oo 

/ hjhi^n) hj^hi^n h 2 ,n) \ law . 

V^VarPF^)’ (/?(n)Var(F„) ) ^ i) 2 , 

where Zi ~ =/P(0,1) and Z 2 ~ ^(0, a2^ are two jointly Gaussian random variables such 
that 


(4.18) 


p' := IE(XiZ 2) = — lim 


3_ (u u , 1 L \ — 

3 ^l,n ^2,n/L^{ip) — ^ 

2 ( 7^-. i ^ 


V?(n)Var2(F„) 


(/r-^ 


3/2 ■ 
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Now, since relation (j4.17h implies that Var(F„) 12 (^ 2 ,n) converges to zero in probability, 

we deduce that the sequence 


f ~ 1 - {DFn,-DL ^-Fn)L2(i/)\ 


n > 1 , 


converges necessarily to the same limit as the one appearing on the RHS of (|4.18p . We 
therefore conclude that Assumption (iii) in Theorem II.11 fill is verified with a defined as 
above, and p := p'/a. To conclude the proof, we will now show that Assumption (iv) in 
Theorem 0 ( 11 ) is satisfied for 

X Var(F„)- 3/2 ^ (4.19) 

(Jr<^ fixYdx) 

To see this, we use again a product formula for multiple stochastic integrals to infer that 


1 

ip{n) 


IE 


[ {DpzFnf X {-Dt,zL ^Fn) X R^(t,z)z^(dt,dz) 


/R+ xR' 
(Var(F„))-i 


p{n) 


IE 


/R+xR'' 


z) X Ri{t, z) z^(dt, dz) 


+ 51E 


/R+xR'^ 


hi {t,z)Ii{h 2 ,ni{t,z),-)) X Rl{t,z)i'{dt,dz) 


+ 81E 


/R_|.xR‘ 


z) X Ii{h2,n{{t, z), X z) u{dt, dz)| 


Bl,n + B2,n + B, 


3,n‘ 


Since relations (I4.15p and ()4.16p imply that, as n —>■ 00 and using the notation (j4.19p . 


L 


R+xR/* 


Un{t,z) 

(p{n) 


i'{dt, dz) —>■ /3, 



the proof is concluded once we show that IEi? 2 ,n) lEi? 3 ,n —> 0. In order to deal with - 62 ,^) 
we use the fact that \Rn\< 1, together with the Cauchy-Schwarz and Jensen inequalities 
and the isometric properties of multiple integrals, to deduce that 


IE / hl^{t,z)Ii{h 2 ,ni{t,z),-)) X Rl{t,z)i 2 {dt,dz) 

jR+xR'* 

2 r~f 


< n 


7/2 


/R/* \4R 


hniz,a)p{da] 


/R*^ 


hUz,a)p{da) p{dz) 


< n 


7/2, 


/R'* \4R 


hn{z,a)p{da)] ( j ^hl{z,a)p{da)] p{dz) 


= 0(n^/2(t^)3/2). 


Since we work under the assumption that n(t^)^ —>■ 00 , this yields that, as n —>■ 00 , 
IE-B 2 ,n = —>■ 0. Analogous computations yield that lEi? 3 ^„ = 0{{nt^)~Y 

0, and this concludes the proof. □ 


4.3 Geometric (/-statistics of order 2 

Our approach is robust enough for extending to more general classes of [/-statistics. In 
order to see this, let the framework and notation of Section 14.11 prevail, and consider a 
sequence of geometric [/-statistics of order 2 given by 

Fn:= ^ h{xi,X2), h£ (4.20) 

(xi,X2)£r]l^^ 
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A proof similar to that of Theorem 14.11 yields the following statement. (Note that items 
(a) and (b) in the forthcoming theorem are a consequence of [H Theorem 7.3], as well 

[19]). 

Theorem 4.2. Assume that the kernels hi^n /i 2 ,n are given by the RHS of (14.4|) and 

(USD. 

(a) Let hi{z) := f^h{x,z)fj,{dx), for every z £ Z. If \\hi\\i 2 (^^-^> 0, then as n ^ oo, one 
has the exaet asymptotie 

Var(F„) ~ Var(Fi,„) ~ ||hi||^ 2 (^) n^. 


(b) Define 


Fn 


Fn — 

v'Var(F„)’ 


Sethi^n = (Var(Fi,„)) 2 /ip„, andip{n) := ||/iiIli3 (^)x||hixn 2 . 

Let N ~ .yK(0,1). Then, there exists a constant C G (0, 00 ), independent ofn, such 
that 

dw{Fn,N)<Cip{n). (4.21) 


(c) Let h 2 {xi,X 2 ) := h{xi,X 2 ), and denote 


2 


Ph\,h2 


9|l^illi2(;.) 11^1 *1 ^2iii2(^) 

3(/ii, hi 


and 


(4.22) 

(4.23) 


If moreover h{xi,X 2 ) > 0, for (xi,a; 2 ) G Z^ a.e. and also ahi,h 2 ^ PhiM 7^ “1/2? 
then there exists a constant 0 < c < C such that, for n large enough. 


cip{n) < dw{Fn,N) < Cip{n), 


and the rate of eonvergenee induced by the sequence (p{n) := C ip{n) is therefore 
optimal. 
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